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Abstract 

In this paper we deal with analytic nonautonomous vector fields 
with a periodic time-dependancy, that we study near an equilibrium 
point. In a first part, we assume that the linearized system is split in 
two invariant subspaces Eq and E\ . Under light diophantine conditions 
on the eigenvalues of the linear part, we prove that there is a polyno- 
mial change of coordinates in E\ allowing to eliminate up to a finite 
polynomial order all terms depending only on the coordinate uq G Eq 
in the E\ component of the vector field. We moreover show that, opti- 
mizing the choice of the degree of the polynomial change of coordinates, 
we get an exponentially small remainder. In the second part, we prove 
a normal form theorem with exponentially small remainder. Similar 
theorems have been proved before in the autonomous case: this paper 
generalizes those results to the nonautonomous periodic case. 

Key words: analytic nonautonomous periodic vector fields; periodic 
forcing; normal forms; exponentially small remainders; center mani- 
folds. 



1 Introduction 

Let us consider an analytic differential system, near an equilibrium point 
that we take at the origin. To study the behaviour of solutions in this 
neighborhood, one can try to simplify the system by using a change of 
variables. "Simplify" can have several meanings: in fact what is expected is 
to obtain a system that we understand better than the initial system. Here 
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we consider two different points of view. Precisely, let us consider an initial 
nonautonomous system of the form 

du 



— = Lu + V(u,t), te 



u{t) G R m , (1.1) 
where L is linear, and V is analytic, quadratic in u and T-periodic, namely 



V(0,.)=0, D u V(0,.)=0, 
V(.,t + T) = V(.,t) for all t e I 



(1.2) 
(1.3) 



This means that we consider a nonautonomous system, but with an au- 
tonomous linear part. We will develop in this paper the two following ideas 
to simplify a such system. 

Simplification 1: Uncoupling subsets of coordinates; link with in- 
variant manifolds. If we assume that our initial system can be split into 



duo 
~~dt 

du\ 
~~dt 



L u + Vb(itQ,«i,i) ; 
Liui + Fi(-u ,iii,t), 



(1.4) 



where u = (uq ,ui), then one could want to find a change of variables of the 
form 

ui = v\ + $(u ,i), 
for which the system (|1.4p is transformed into a new system 



duo n , 

— = LqUq + V U {U , V!,t), 
, —jj- = L!Vl +v 1 V 1 (u ,vi,t). 



(1.5) 
(1.6) 



This idea of simplification is very close to the one used in KAM theory, for 
Hamiltonian systems (see Kolmogorov (1954), Arnold (1978)). Here, when 
such a change of variables exists, the main consequence is that v i(t) = is a 
solution for equation (jl.6p . and hence one can consider the reduced system 
defined by equation (|1.5p . In particular, the set {v% = 0} is an invariant 
manifold for our differential system. In the case of an autonomous system, 
this invariant manifold {vi = 0} reads in the initial coordinates {ui = 
$(mo)}- Here, working with periodic in time functions, this manifold will 
be a periodic manifold {u\ = &(uo,t)}. The search of invariant manifolds 
and reduced systems is a key tool (Kelley (1967), for instance, develops 
this subject), widely used in the study of physical systems. For example, 
Haragus and Iooss (2010) provide lots of applications of the center manifold 
theorem. 
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Simplification 2: Normal forms. The normal form theories usually 
concern autonomous vector fields. In the case of nonautonomous analytic 
systems the same philosophy apply, if we consider the expansion of V in 
power series with time-dependant coefficients; the aim is then to find a 
change of variables of the form 

u = y + $(y,t), 

such that our system (jl.4p is transformed into a new system 

^ = Ly + M(y,t), 

in which M is " as simple as possible" . The original purpose of Poincar in 
normal form theory was to obtain M = 0, but in general, when trying to 
eliminate monomials in the expansion of V, one can see that some resonant 
monomials remain whatever you do. So J\f will be an analytic function whose 
expansion in power series is only made of the resonant monomials, which 
happen to be those satisfying a " normal form criteria" . There exist several 
normal form theories, leading to different normal form criterias. Here we 
work with the characterization introduced by Elphick et al. (1987), i.e. we 
get power series made of monomials commuting with the e tL * for all t in R. 
Precisely, we want M to satisfy 

e- tL *M{e tL *y,t) =M(y,0), for all y G M m and all i £ R. (1.7) 

Applying a normal form theorem, one expect that a system with less numer- 
ous monomials will be easier to study than the initial system which happens 
to be often the case (see for instance Iooss and Adelmeyer (1992), Iooss and 
Peroueme (1993) and Lombardi (2000)). 

In fact, for both simplifications 1 and 2, it is very rarely possible 
to find exactly such changes of variables, but it is possible up to 
finite order. Precisely, for a fixed integer p, after changes of variables & p 
of degree p, it was proved (see Haragus and Iooss (2010) for simplification 
1, Iooss and Adelmeyer (1992) for simplification 2 in the autonomous case) 
that one can obtain transformed systems of the form 

/ duo ~. . 

— = L u + y u (u ,vi,t), 

I ~dT = LlVl + VlV p( Uo ' Vl > t ) + R p( u o^)^ 



for simplification 1, and 



^ = Ly+M p (y,t) + R p (y,t), 
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for simplification 2; where Vp and J\f p are polynomials of degree p, and R p 
is analytic of order larger than p. It is an interesting result since a usual 
way to study the dynamics of a vector field is to study the system truncated 
at a fixed order in the expansion in power series, and then to consider 
the complete vector field as a perturbation of this truncated system (see 
Guckenheimer and Holmes (1983),Iooss and Peroueme (1993), Lombardi 
(2000), Chossat and Iooss (1994)). 

But to apply perturbation theory, those results are particularly interesting 
if the remaining part R p happens to be small. So the next key idea is to op- 
timize the degree p of the truncation, to minimize the size of the remaining 
part R p . For autonomous systems, Iooss and Lombardi (2010, for transfor- 
mation 1 and 2005, for transformation 2) followed an idea developped before 
for Hamiltonian systems (developped by Nekoroshev (1977, 1979); see also 
Pschel (1993)) to prove that when some light hypothesis hold, the remaining 
part R Popt can be found exponentially small. 

In this paper, we generalize those theorems with exponentially 
small remainders to nonautonomous systems with a periodic time 
dependancy and an autonomous linear part. We prove here in our 
theorem 12.11 (for simplification 1) and our theorem 12.21 (for simplification 
2) that, whith light hypothesis of non-resonance on the non-linear part, we 
have the same kind of results that for autonomous systems; in particular, 
notice that we obtain time-independant exponentially small bounds for the 
remainder. 

This situation arises quite often in applications, when a system is 
periodically forced. Our theorem 12. II and its corollary 12.11 might be used for 
instance in the case considered by Touz and Amabili (2006) in which they 
build reduced-order models for nonlinear vibrations of structures. In their 
section 3.2, they consider a two-dof system with damping terms (£i and £2) 
and with a periodic forcing (i*i), of the form 

' + 2£iwi^ + u\X x = V 1 (X 1 ,X 2 ) + F x cos(fii), (1.8) 

v ^T + 2 ^2 < ^+^ 2 X 2 = V 2 {X l ,X 2 ) (1.9) 

where Vi,V 2 are quadratic in (Xi,X 2 ). In their analysis, they consider 
that £1 is small and then that the first oscillator X\ plays the role of a 
central manifold: namely they use the central manifold theorem to state 
that the mode X 2 does not awake as t goes to infinity, thus they make the 
approximation X 2 = to solve the first equation (|1.8p and then solve the 
second equation (|1.9p with the value X\{t) computed. They observe that 
this process gives good qualitative results for small values of F\. In fact, 
the center manifold theorem does not apply here because this system is not 
autonomous when F\ is nonzero. Here we show in our corollary 12.11 that 
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if this forcing term Fi is small, then the invariant manifold nearly remains 
time-independant. Precisely, if one take F\ = e 2 , then the corollary 12.11 
ensures that the equation leading to the invariant manifold reads 

X 2 = <f> A {X 1 )+e<f> B (X 1 ,£,t) 

where <$>a does not depend on t. 

In section [5] we gather the main results of the paper. We need for that 
purpose to introduce, in subsection 12.11 a few notations. We then state in 
subsection 12.21 our first main theorem (theorem 12. 1|) , which deals with the 
"Simplification 1" described above, and we state in subsection 12 . 31 the second 
main theorem (theorem !2.2p which is a normal form theorem ("Simplification 
2" above). Then the rest of the paper is devoted to the proofs of these two 
theorems: we detail the proof of theorem 12.11 in section [3] (the strategy of 
proof is introduced in the first subsection (|3.ip ). and in section SI we give 
the main ideas of proof of theorem 12.21 (here also the strategy is given in the 
first subsection 14. ip . 



2 Notations and main results 



We gather in this section the main theorems proved in this paper. In the 
whole paper, we consider a differential system of the form (jl.ip . assuming 
that (jl.2p holds. We also assume that the map V is analytic in u, and that 
its time-dependancy is T-periodic with regularity H^. For that purpose we 
need to define precisely a space „4(R m , E^{R/TZ, W 71 )) of such functions. 
So, in the following subsection, we begin by defining this set of functions 
and other usefull sets. 



2.1 A few notations 

We first recall what we denote by i^(M/TZ,R m ). 

Definition 2.1 H e (R/TZ,M. m ) stands for the Sobolev space of functions f 
from K./TZ to M m whose Fourier coefficients f^ £ M m satisfy 



£ (i + k 2 Y /<*) 



< +oo. 



We can then define the space we wanted for V. 



Definition 2.2 For any neighborhood of the origin in M m we denote by 
A(£l, £r(]R/TZ, R m )) the space of maps V for which there exists a family of 
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q-linear symmetric maps (V q (t)) q >o on (R m ) q , with a radius of convergence 
p and a positive constant c such that 

+00 

v{u,t) = Y J v q {t)[u [q K 

(here [u^] stands for the q-uple of vectors [u, u, ■ ■ ■ , u\) and 

\V q (.)[ui,- ■ ■ ,u q ]\ He < — \ui\\u 2 \ ■ ■ ■ \u q \ for all u 1} ■ ■ ■ , u q G R™. 

We also need, to state our main theorems, the following spaces. 

Definition 2.3 LetV p {R mo , rf(R/TZ, R mi )) be the space of polynomials P 
of degree less than p, namely which read 

P(x\ , • • • , X mo , t) = ^ P a (t)x^ 1 • • • Xmo° 
\a\<p 

where a = («!,••• ,a mo ) belongs to N mo , P a to rf(M/TZ, W mi ), and 

\a\ = \ai\ + • • • + |a mo |. 

And let H n (R m °, rf(R/TZ, R mi )) be the space of homogeneous polynomials 
P of degree n, namely of the form 

P{p^lj " * * j %() ) t) = ^} Pa(t)%\ 1 • • • X mo ° 

\a\=n 

where the P a are in 

2.2 Uncoupling subsets of coordinates 

In this first subsection, we state a theorem where a change of variables 
uncouple a subset of variables from another one (it is the "Simplification 
1" of the introduction). We suppose here that the linear operator L is the 
direct sum of two linear operators. Precisely, we assume 

Hypothesis 2.1 Assume that 

(a) there exist a neighborhood £1 of the origin in R m and an integer I > 1 
such that V belongs to A(Q, ^(R/TZ, R m )); 

(b) L is the direct sum of the linear operators Lq on Eq ( dimension mo ) 
and L\ on E\ (dimension m\), with Eq @ E\ = R m and Lq diagoniz- 
able. Hence, spliting u in u = uq + u\ and V = Vq + V\ on Eq® E±, 
the system reads 



duo 
~dt 

du\ 
~dT 



Lqu + V (u ,ui,t), 

(2.1) 

Liui + V"i(u ,ui,t), 
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(c) there exist two positive constants 7 and r such that, denoting the eigen- 
values of Lq by , ■ ■ ■ , Amo and by A^ , • • • , Ami ^ e eigenvalues of 
L\, then for all a in N m °, all k in Z and a/£ 1 < j < mi, 

holds. 

(d) let v be the maximal size of the Jordan blocks of L\, then 

tv < I. (2.3) 

Remark 2.1 We need to take £ > 1 to insure that is an algebra. 



Remark 2.2 The hypothesis \2. 2\) is called a "non-resonance" hypothesis: 
without taking k into account, this hypothesis means that the eigenvalues 
of L\ cannot happen to be a sum of eigenvalues of Lq, and that moreover 
we have an estimate of how different they are. Taking k into account, it 
expresses that, even after periodic translations of time, non-resonance re- 
mains. 

We can now state 

Theorem 2.1 Consider the system \2. and suppose that hypothesis \2.1\ 
holds. Then there exists 6q > such that, for all 5 in }0,5q[ there exist an 
integer p$ with 

ps = 0(5- b ), 

0— KJ 

and a function §5 in V Ps (E , rf +1 (M./TZ, E x )) (where V p was defined in 
section [2A\) with 

$,5(0,0=0, D U0 $ S (Q, •) = 0; 
such that the change of variables 

ui = vi + $ 5 (u ,t) (2.4) 

transforms the system 112.1]) into 

duo 



(JI L u + V (uo,v 1 ,t), 



dv\ 



(2.5) 



(jl z L1V1 + V 1 (u ,vi,t) + R(u ,t); 
in which V° ' ,V l and R are analytic, and satisfy 

\V l {u ,vi,.)\ <M q \vi\{\uq\ + \vi\) for \u \ , \vi\ < S , (2.6) 
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and 



sup \R(u Q ,.)\ He < Me *», (2.7) 

l«ol<* 



where M, Mq,uj depend only on T, mo, to, c, p, L, £, 5q and t, and where 



b 



i 



Moreover, V° reads V°(uo, vi,t) = Vq(uq + v\ + $s(uq, t),t). 

Remark 2.3 Observe that with the system in the new form \2. 5\) v\ = 
is "very close" to solve the second equation, since \2. 6\) guarantees that for 
v\ = we have V 1 (uq, 0, .) = 0, and since {2. 7\ ) ensures that R(uq, ■) remains 
exponentially small. Then this theorem expresses that the manifold {ui = 
&s( u o,t)} * s "exponentially close" to be an invariant manifold for our system 

(US). 

Remark 2.4 This theorem is the generalization to periodic time- dependant 
vector fields of the Theorem 1 of Iooss and Lombardi (2010). Notice that, 
unlike the latter, here M and u) also depend on the dimension to, and not 
only on the dimension too of Eq, so that we cannot consider systems of 
infinite dimension. 

Moreover, we have the following proposition, which gives more precision 
about what happens if the time-dependancy appear as a small perturbation 
of an autonomous system. 



Corollary 2.1 Consider the system A2.1\) and suppose that hypothesis \2.1\ 
holds. Assume that V also depends analytically on a parameter e in the 
following way: 

V £ (u, t) = A{u) + eB(u, e, t) + e 2 C{e, t) (2.8) 

with B(0,.,.) = 0. 

Setting U := (u,e), if A, B and C belong to A(R m+l , fl*(R/TZ, R m )) then 
the theorem \2.1\ apply and moreover 

$(it , e, t) = <S>a(u ) + E^,c(«o,e, t) 

where §a is the change of variables computed applying theorem \2.1\ to our 
system 112.1]) at e = 0. 



Remark 2.5 Remark that (fjOj) prevents us to take a periodic forcing of the 
form A(u) +eF(t). We need hypothesis f\2.8ty . to apply theorem \2.1\ because 
we want hypothesis DuV{U = 0, .) = to hold (see M.2\) ). 
But we can take a periodic forcing A{u) + e 2 F(t), and then obtain that the 
periodic invariant manifold {u\ = §a{uq) + £§b,c( u 0i £ , t)} * s £-close to the 
autonomous invariant manifold {u± = $^(«o)}- 

Remark 2.6 The proof of this corollary directly follows from the proof of 
theorem \2. 1\ the details are left to the reader. 
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2.3 Normal form 

In this second subsection, we state a normal form theorem (it is the "Simpli- 
fication 2"' in the introduction). We only assume that the following "non- 
resonance" hypothesis holds: 

Hypothesis 2.2 Assume that 

(a) there exist a neighborhood £1 of the origin in M. m and an integer £>1 
such that V belongs to A{tt, fl^K/TZ, R m )); 

(b) L is diagonizable; 

(c) there exist two positive constants 7 and r such that, denoting the eigen- 
values of L by Ai, • • • , X m in C m , then for all a in N" 10 , all k inTL and 
all j, 1 < j < m 



>_ A .| > X- 

T (|a| + |*|r 



{a,X)+ik— - Ay-| > „_, / lljlw ; (2.9) 



(d) T<£. 

We then have the following normal form theorem. 

Theorem 2.2 Consider the system and suppose that hypothesis \2.2\ 

holds. Then for all 5 > there exist an integer p$ with 

ps = per"), 

and a function <5> s in V Ps {W n , H t+l {R/T'L,W n )) (where V p is defined in 
section \KT\) with 

$ 5 (0, .) = 0, D u *i(0,.)=0, 
such that the change of variables 

u = y + $ s (y,t) (2.10) 

transforms the system into the normal form 

^L = L y + N(y,t) + R(y,t) (2.11) 

where N belongs to V Ps (R m , fl*(R/TZ, R m )) and satisfy 

Af(0, .) = 0, D u M(0, .) = 0, 
and the normal form criteria 

e- tL *N{e tL *y, t) = M(y, 0), for all t/£l m and all t G M; (2.12) 
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and where the remainder R is analytic and satisfies 



sup \R(y,.)\ <M'8 2 e~^ 
\y\<s 



(2.13) 



with M' and u depending only on T, m, c, p, L, £, 5q and t, and 



b = 



i 



e+r+i- 



Remark 2.7 This theorem is a typical normal form theorem: its aim is to 
simplify the initial system with the aid of a change of variables. Indeed, the 
polynomial change of variables \2. 1 0\) transforms the system il.l\) into a new 
system H2.ll]) in which the polynomial part N is simpler: the normal form 
criteria A2.12]) means that in N , all the monomials which does not commute 
with all the e sL have been eliminated by the change of variable. 
Moreover, while for some given p the remainder is polynomially small, this 
theorem optimizes the degree p = p pt(^) of the polynomial part N , so that 
the system is nearly reduced to a polynomial system, since A2.13\) ensures 
that the remainder R is exponentially small. 

Remark 2.8 This theorem is the generalization to periodic time- dependant 
vector fields of the Theorem 1.4 of Iooss and Lombardi (2005). 



This section is entirely devoted to the proof of theorem 12.11 
3.1 Strategy of proof 

First, fix 5 > and p in N, and see later what conditions on 5 and p need 
to be satisfied. 

One can check that, for any function the change of variables (|2.4p 



3 Proof of theorem 12.11 



u 1 = v 1 + $(uo,t) 



transforms the system (|2.ip into the new system (|2.5p with 



V°{uo + Vl ,t) 
V\u + v 1 ,t) + R(u ,t) 



Vo(u + v 1 + $(u ,t),t), ( 

Vi(uo + wi + *(uo,t),t) ( 
- A^uo, t).V (u +Vl + *(«o, t),t) 
-(D Uo <S>(uo,t).L u - Li*(uo,*)) 
-dMu ,t). 



(3.1) 
(3.2) 
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Thus, for a fixed $, equation (|3.ip provides the value of V°. Then, we look 
for a function <1> such that V 1 and R, whose sum is computed in (|3.2p . satisfy 

IV^Uo + vi,.)\ < M \vi\ (\u \ + |ui|), when |u | < 5 , (3.3) 
\R(uo,.)\ Ta < Me"^, when|n |<5. (3.4) 

H 

Necessarily, if (|3.3p holds, then for t>i = equation (|3.'2|) becomes 

2Z(t*o,*) = Vi(u + <f>(u ,t),t) - D Uo <5>(u ,t).V {uo + <5>{u ,t),t) 

-{D U0 <S>(u ,t).L u - Li$(uo,t)) -^*(«o,t). (3.5) 

Define 

(.4 L $)(iio,i) := D w *(«o,*).A)«o-iii*(«Oi*)- 
Then (|3.5|) reads 

(^ L + 5t)$(u Q ,i) + i?(uQ,«) = Fi(uQ + $(u Q ^),i) 

-L> Uo $(uo, 0-Vb(«o + $(uo,t),t). 

Let us denote by n p the projection of A(Eq, Er(M./TZ, Ei)) on 
V p (E ,H e (R/TZ,E 1 )). 

Here is the strategy of proof, in three steps, that we will follow in 
the next subsections: 

Step A : In section 13. 3\ for any fixed p, we prove the existence of some 3? 
in V P (E , rf +1 (R/TZ,Ei)) such that 

(A L + d t )^{u ,t) = iyViK + ^o,*),*) (3.6) 

-D Uo $(« , t).V (u + <f>(u ,t),t)). 

Step B : In section 13.51 using the <I> computed in Step A, we set 

R(u ,t) = (ld-Il p )(Vi(u + ^(u ,t),t) (3.7) 
-D UQ $(u , t).V {u + $(«o, t),t)). 

Thus, R(uo,t) = 0(\uq\ p+1 ). We then compute upper bounds of R of 
the form 

\R(u ,.)\ He <M p \u \ p+1 , 

with Gevrey estimates for M p . And then, for a given 5, we chose an 
integer p = p op t minimizing M p 5 p+1 . We will see that if 5 is sufficiently 
small, for our choice p pt(S), the estimate ()3.4p holds. 
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Step C : From f|3.2|) . we get the value of V 1 : 

V l {uv,vi,t) := -R(uQ,t) + Vx{uQ+vx + <Sf{ua,t),t) 
-D U0 $ (u , t) . V (n + m + $ (u , i ) , t ) 
-(Xi + ^)*(«o,*)- 



And it remains to show, in section 13.61 that there exists Mq such that 
(1331) holds. 



But first, to facilitate the estimates in Step B, we introduce apropriate norms 
on ^(E ,^(R/rZ,£Ji)). 

3.2 Norms on P p (£ , JEP(R/TZ, R m )) 

In fact, we define norms on the spaces of homogeneous polynomials of de- 
gree n H n {E ,IP(R/TZ,R m )) (defined in section EZED - Let (ei,--- ,e mo ) 
be a basis of Eb and (e mo+ i, • • • , e m ) a basis of E\. Then, if / belongs to 
^ n (E , J ff ? '(M/TZ,M m )), it reads 



f(u ,t)= Y, UA^-'-^ei := £ f a (t)x? 

\a\=n \a\=n 



X, 



m j 



where 

uq . — X\&\ -\- • • • -\- x mo e mQ , 
and f a .i G H>(R/TZ,R)), f a £ H> (R/TZ,R m ). 

Definition 3.1 Iff belongs to H n (E , H>(R/TZ, R m )) and reads 

f(X,t)= Ut)X a , 
\a\=n 

where 



Y ( Y Y \ Y a Y a l Y m ■ 

A ■— ■ ■ ■ j ), A .- Aj • • • A mo , 



then define 



2 

n,B>' 



E i/«i** e 

\ce\=n 



+oo 



|«|=n 



fe=— oo 



2,ii 



E ^ 

|a|=n 



2.» 



where a\ := a%\ ■ ■ ■ a mo \, and 

• |.| is the norm on T-L n (R m ° ,R mi ), introduced by Iooss and Lombardi 
(2005), defined by 

2 

|2 



\P{X)\ 



2,n 



\a\ =n 



V -|p l 2 



|a|=n 



2,n 
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• fa € M m stands for the k Fourier coefficient of f a ; 

• l.l • is the canonical norm on if (IR/TZ,]R m ) 

+00 

Kr-= E ( 1 + A;2 ) J 

k=— 00 

In particular, to simplify notations, we denote 




3.3 Step A : construction of $ 

In this subsection we fix an integer p, and our aim is to construct <3? in 
V p (Eq,IP(R/TZ,Ei)) such that is satisfied. Denote 

p 

n=2 

where belongs to H n (E , rf +1 (R/TZ, Ex)). We project flUD on the 
spaces ^ n (£7 ,^(K/rZ,£?i)), for n < p. Denoting by 7r n this projection on 
^{Eq^Ir/TZ^Ei)), we obtain: 

(.Az + d t )$„(« Q ,i) = 7r„(Fi(uo + *(«<>,*),*) (3-8) 

-Z) uo $(it ,t)-^o(«o +$(«o, *),*))■ 

Expanding the right hand side of (|3.8p in power series, one can observe that, 
since 

V(0,.)=0 = D uo V(0,.), 

(because of (|1.2|) ). this right hand side of (|3.8|) only depends on $2, • • • > $n-i 
and Uo,t. So, if (Al + 9() is invertible, then (|3.8p enables us to construct 
the <£ n for 2 < n < p by induction. The rest of this subsection is devoted 
to the proof of the invertibility of Al ■= {Al + dt). Precisely, we prove the 
following 

Lemma 3.1 If hypothesis \2. 1\ holds, then the linear operator 

A L \ n „ :'H n (Eo,H e+1 (m/TZ 1 E 1 )) — > H n (E , ^(R/TZ, E x )) 

$ .— ► (A L + d t )$ 

is invertible. 

Moreover, for all j, < j < i + 1 and all F in W l (E ,I^{R/TZ,E 1 )) we 
have 

&l\~1(F) 



e (k) 



in 



< C jn j+TU 



F\\ 



(3.9) 
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where v is defined in hypothesis \2.1\ and 



A := max{ 



v(°) 



, 1 < i < tuq, 1 < j < mi}, 



Cj ■= max(l,-^)(l + |^(4A 2 + l))i 

Proof. To prove this lemma, we use Fourier coefficients, so that instead 
of one operator in U n (E , i^(M/TZ, Ei)), we deal with an infinity of linear 
operators in T-L u (Eq,Ei). Then, for these linear operators we can use the 
results of invertibility stated by Iooss and Lombardi (2010). 
Indeed, any function $ in H n (E , rf +1 (R/TZ, E x )) reads 

:= ^(t)X a 

\a\=n 

with 4> a in i^ +1 (IR/TZ, E\). Since £ + 1 > 1, we have the Fourier expansions 



4> a (t) 

dt4>a(t) 

A L (j) a {t) 



^ik^-t 



k=—oo 



k=—oc 



E ^ 



fc=— oo 



Thus, we obtain, introducing the notation <&( k \X) 



+oo 



+oo 



= E ( E ^ ] ^)x a = E ( E ^ )x °> 

\a\=n k=— oo k=—oo \a\=n 

+oo 

k=—oo 
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and 



A L $(X,t) = {A L + d t ){ 4>*{t)X c 

\a\=n 



E E {AL+ik^p^jx* 

\a\=n \k=— oo / 



E E(^ + ife Y)^|e 

fc=-oo y |a|=n 

\ 



+00 



2tt, 



= E (^+^)E#* 



fc=— 00 
+00 



|a|=n 



7 



= Y(A L + iA^(X)e 



fc=— 00 

We then proceed in several steps. 



Step 1: We first show that the operator A^]^ is injective. 

We fix F in H n (E , fl*(R/TZ, £1)). Denote 



+00 



:= ^F a {t)X a = E 4^ U" 

\a\=n \a\=n \k=-oo / 



+00 



= E F a )xa e ' k ^ 1 '■= E F(k) (x)e 

k=-oo \ \a\=n I k=-oo 



ik4ft 



In this first step, we prove that if there exists $ in H n (E , i/ +1 (M/TZ, Ei)) 
such that Al& = F, then necessarily $ is unique. Indeed, for any function 
$ in n n (E , rf +1 (R/TZ, Ex)), we have 



A L $ = F 



+00 



0, 



k=— 00 



2vr 



0, 



2,n 



2vr N 



^ VfceZ, (i L + ifcy)#(X)-F (f:) (I) = 0. 

We will then use Lemma 21 b) in Iooss and Lombardi (2010), which will 
enable us to state that all the linear operators (Al +ik%fi), for k in Z, are 
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invertible in T-L h (Eq, E\). Indeed, for any polynomial P, 

(A L + ik—)P(X) = D X P(X)L X -L 1 P(X) + ik—P(X) 
= D X P(X)L X - (L x - ik-)P(X) 



A Lih) P(X), 



where 



Moreover, (|2.2|) in hypothesis 12.11 ensures that, for all k, satisfies the 
hypothesis of Lemma 21 in Iooss and Lombardi (2010). Hence, for all k, 
A L (k) is invertible, and thus 

A L $ = F Vk£Z, i i(t) #(I)-^(I) = 0, 

<^=> Mk G Z, & k \X) = All k) F^(X). 

Then, necessarily, if $ exists, then 

${X,t) = Y, (A L + ik— )- 1 F( fc )(X)e ifc ^ t . (3.11) 



Step 2: Now, we prove that A^|^ n is also surjective. 

Our aim is now to prove that the $ defined by (|3.11|) is well-defined and 
belongs to 7i n {E , i^ +1 (R/TZ, E^). 

Step 2.1: $ is well-defined. 

To show that $ is well-defined, we prove that $ is in H n (E , H°(R/TZ, E x )), 
proving that 



+oo 

E 

k=— oo 



{A L + \k^)- l F^ k \x) 



< +oo. 



2,11 



We use, here again, inequality (|2.2p and Lemma 21 in Iooss and Lombardi 
(2010), with L^> defined in (fiTTO . to check: 



(AL + ik^F^iX) 



2.n 



A-J k) F^(X) <-(n + \k\r F^(X) 

2,n T 



2,n 
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Then, since by hypothesis 12.11 tv < £ holds, we obtain 

2 



E 

k=— oo 



(A L + ik^)- l F^{X) 



+00 o 
— V A 



* E 3>+ 



\2rv 



2.n k=—oo 



V 



1 Itv +°° 



fe=— 00 



2,TJ 

2 

2.)i 



< 



2 2™ +°° 



7 



2;/ 



2 (1 + fc 2 / FW(I) 



fe=— 00 



<3? < \\F\\ 



7 



Thus <3? is well-defined and 



2 

2.71 



1*1 



< 



IFII . 



(3.12) 



Step 2.2: $ belongs to % n (£b, i2 £+1 (R/TZ, -Ei)). 
We show, by induction, that if j < £ + 1, then 

* € H n (£ ,#WTZ,£i)) and ||*|| ntf < C> J ' +T1/ ||F 



(3.13) 



First, observe that (|3.12|) ensures that (|3.13|) holds for j = 0. Then, we 
assume that (|3,13p holds for one j < £. We know that, for all k in Z, 

(4 L + i4)^ ) W = f w W- 



Hence, 



So 



and 



2?r 



ijfc_$( fe )pQ = fM{X) - A L ^ k) {X). 



(1 + fc 2 ) 



T 



(1+fc 2 ) 



< 



2.71 



2,71 



$(*) 



T^2 



2,n 



4vr 2 



2. a 



( 



+ 



+ 



2,/j 



A L & k) 



2.11 



(3.14) 



The proof of lemma 21 in Iooss and Lombardi (2010) ensures that the eigen- 
values of Ah on 
U n {Eo,Ei)) are the 

I ^a,A (0) ^) - A^l, for \a\ =n,l<j< m 1 . 
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Then 



A L <S> {k) (X) 



< max | < a 
2,n \a\=n,l<j<m\ 



A© > -\f\ 



2.;i 



<(n + l) max {lAfUA^I} & k \X) 

l<i<mo 
l<j'<mi 



2,n 



(n + l)A 



(3.15) 



2.;i 



with the A defined in the stating of the lemma. Then, combining (|3.14p and 
(|3.15p . we obtain that, for all k in Z, 



<(l + _A 2 (n + l) 2 ) 

2,n Z7r 



2,n + 27T2 



2.n 



Hence, since we assume that (|3,13p holds for j, 



l$l 



"n,H r 



k=—oo 



2 

2,n 



2 J* 



+ 

2,n 



2vr 2 



2,n , 



/ l/TA(n + l 



$|| 2 _ + 1^ m 2 



2 \ ~ J ) ' " "n,H> 27T 2 

< C 2 1 n 2 ^' +l+Ti/ ) IIFII 2 



< 



ji2 
2^ 



which means that 



l$l 



M n,/P 



+1 <C j+1 ^'+ 1+ ™||F| 



□ 



3.4 A few properties of norms 

We will need, in what follows, a few properties of multiplicativity for the 
new norms introduced in section [3721 They will be usefull to compute upper 
bounds for the remainder, whose expression is given with symmetric g-linear 
applications. We gather these properties and their proofs in this section. 

Lemma 3.2 If $ belongs to H n {E , J3*(R/TZ, R m )), then 

< \m\\uo\ n . 
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Proof. If $ is in n n (E , fl*(R/TZ, M m )), it reads 



with a in rf(R/T2 
of section l3T2|) . 



\a\=n 

). Then, with uq = x\e\ + • • • + x mo e mo (notations 



Muo,-)\ He 



E w*K 

|a|=n 



|a|=n 



|a|=?i 



X=([ai|,- Jim,!) 



< 



E i^irf * c 

[«[=« 



No , 



where l.l is the norm defined on "H"(IR' 
1 '0,n v 



m Tn>m\ 



by 



|P(«) 



sup 



°' n «eR m N 



Lemma 2.10 of Iooss and Lombardi (2005) ensures that, for all P in / H n (W n , ] 
we have 



\P(x)\ < 



So, 



l*(«o.-)l^ ^ 



E i^i* * c 

\a\=n 



I I" II ^r. II I I" 

Kl = ||$|| No I • 



2,n 



□ 



We then admit the following 



Lemma 3.3 There exists a constant C such that for all functions f , g in 
i^(R/TZ,]R m ), 

<c\f\ Hl \g\^ . 

And we use it to prove the following 

Lemma 3.4 Let R q (t) \X\, • • • , X q ] be a symmetric q-linear application 
from (W n ) q to Eq or E\. Then, we have 

(A,) => (A 2 ) => (A 3 ) (B) => K), 

w/iere 

(Ai) /or a// xi, • • • ,x g m M m ; (i) [sci, • • • ,2^]]^ < c |a?i] • • • \x q \ ; 
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(A 2 ) denoting 



Rq(t) [Xl, ■ ■ ■ , Xq] '■= ^ °(n.-,i«)(*)^M'l '"Xq,; 



then, for all x\, - ■ ■ ,x q in M. m 



^ \ a (h,-,iq)\ H t X ~l>h' " X qy 

<ij<m 

(A 3 ) for all ft,--- J q rf(R/TZ, M m ), 



< c 



kil • • • kgl ; 



(5) ifkt + --- + k q = n,thenforall$ kl ,---,$ k in H ki (E , i^(R/TZ, M m )) 



|i? g (t) [« fcl ,---,*fc,]|L<c(^Vii«5, 1 ii fa -..||«i.,„ 



(A'^for all xi, ■ ■ ■ ,x q inR m , \R q (t) [xt, ■ ■ ■ ,x g ]|^< c ( J l x il " " " \ x i\ ■ 

Remark 3.1 (^4i) and [A 1 ]) are nearly the same property: the only differ- 
ence between them is that in (A^) the constant in the upper bound is bigger 
than in (A\). This is due to the fact that in each implication we lose preci- 
sion in the upper bounds. 

Remark 3.2 For the following, the most usefull results in this lemma are 
(Ai)^(A 3 ) and {A x ) ^{B). 

Proof of (At) =>- (A 2 ). 

Assume that (^4i) holds. Let (ei, • • • , e m ) be the basis of M m introduced in 
section [3721 Take xt = ei 



'ii j " " ' ! -Eq — ) then 



\Rn 









l l i 1 







c 



20 



Hence, by Cauchy-Schwarz inequality, 



E \ a (nr-,iq)\ H e Xl ,h"' x q,H 



1<J1 ,■" ,iq<m 



C 

< — 

~ pi 



E l Xl 

l<ii ,i q <m 



11 " " " ^g^q I 



x • • • x 



E 



< — | vm 

P 9 



il=l 



• |2 



x • • • x 



E 



r. 



|xi| • • • \x q \ 



Proof of (A 2 ) => (A 3 ). 

Assume that (A 2 ) holds. Let /i,--- ,/ g be functions of fl*(R/TZ, M m ). 
Then, using lemma [3T3l 

l^(*) [/!>••• 



E a (ii,- ,«,)(*)/!,*!(*) •••/?,%(*) 



l<ii,- 


■ ,i q <m 























fll^f ' ' ' \fq\jjt ■ 



Proof of (A 3 ) (B). 

We follow the same strategy of proof as that of lemma A8 of Iooss and 
Lombardi (2005). Assume that (A3) is satisfied. Take ki, ■ ■ ■ ,k g such that 

ki H + k q = n, 

and take in H k *{E , fl*(R/TZ, M m )), for 1 < t < 9 . Denote 

:= 2 

Then, 

a (i) gN m 

|aW|=fci 

= E R S) 

\P\=n \a^\=ki 

a (i) + ... +a (a) =i g 



flg(t) 



'aW.fei' " • ■ ,<P a <.9),k q 



5 a(i),fci> ' ■ ■ ,<P a {<i),k q 
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Hence, using Cauchy-Schwarz inequality again, 



\R q (t)[* kl ,---,* kq ]\\l= E § 



E 

|aW|=fei 
Q,(i) + ... +a (9) =/ g 



s E^ 

^ n! 



E 

a (i) + ... +a (9) =j g 
aW e N m o,|aW|=fci 

( 



<^a(i),fci 



/3! 2 /ty^\ 



<- E^ m 



2g 



E 



Q,(l) + ... +a (9) =/ 3 

\ Q ( i )eN m o, | a W|=fci 



aW! a(«>! 



E 



a (l) + ... +Q (9) =J 3 



a 



(1)! 



(<?)! 



And lemma A6 of Iooss and Lombardi (2005) ensures that 

1 1 n! 1 



E 



Q (i) + ... +Q (<?) =/ 3 

a (i) gN m 0) | Q ,( l )| =fe . 



a 



W! a(«>! /3! fei!---feJ' 



Then 



4E| 



2q 



c 2 ) 



\Rq(t) [Ski.'" 



V- 1 



/.•,!••• A-' S 

n a m + ... +a (q) = p 
|a«|=fc; 



fel 



a {q) \ 



E 



^aM.fci 



a (i) gN m 

|a«|=fci 



E 

^\aW\=ki 
= ||*fci 



fei! 



B 4 . 



a^! 2 

0a(i),fci 



fei! 



E (1 

K \aW\=k q 



(</)l 



fel 11 9 "fe, 
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Finally, we have 



\R q (t) [**!,-, ** B ]ii n <c(^yii* fcl i 



Proof of (B) => (A[). 

For given xi, ■ ■ ■ , x q in W 71 , take 

k 1 = ■■■ = k q = n = 0, $ k i(X,t) =xi,-" ,$fc 9 (^M) = av 
Then, (5) ensures that 



\%1 1 ' ' ' I ■Eq I • 
□ 



Lemma 3.5 If $ k is in H k (E , j/(R/TZ, M m )) and W p m 
W'iEo^iR/TZ^o)), then 

\\D x ^ k (X,t).M p (X,t)\\ k _ i+p <Ck^ \\^k\\JK\\ p - 
Proof. Denote 

= 2 Mt)x a , M p {x,t) = Y, Np(t)X^, 

\a\=k \/3\=p 

where the </> a are in i/(M/TZ,R m ) and in &(M./TZ,Eq). Moreover, we 
denote 

iV^t) := (N fitl (t),--- ,N fitmo (t)). 

Then, we have 

m ° / \ 
D x ^ k (X,t).M p (X,t) = Y, ( E <t> a {t)ajX a - a iN Pij {t)xP\ 

j=l ^\a\=k 
\P\=P 

m 



Y E "itaWeAt)), 

1-/' J'=l |a|=fc,|/?|=p 7 



|7| = 

a+/3-crj=7 
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where Oj stands for (0, • • • , 0, 1 , 0, • • • , 0) in N m °. Thus, using Cauchy- 
Schwarz inequality, we get 

\\D x <S, l (X,f).U r (X,t)f h _ l+r 



E 



\l\=k-l+p 



(k-l+p)\ 



mo 



E E ^Mt)N^(t) 



J'=l |a|=k,|0|=p 
a+/3-crj=7 



< 



hi- 



E (fc _l +p) , (E E wih^U 



< c 2 E 

|7l=fe-l+P 



a+/3-o-j=7 
mo 

(7,- - 1 />)! v.E E 



a!/3! 



mo \ 

E E "Wa&i^M- 

i=i H=fc,|/3|= P 



a+/3-<Tj=7 

Since lemma A7 of Iooss and Lombardi (2005) ensures that 



E E 

J=l |a|=k,|0|=p 



-(/c 2 + (m - l)fc)- 



a!/3! 



7! 



we get 



||L> x $ fc (X,i).A^(X,t)|| 



fe-i+p 



m 



< c 2 ^ 2 + (mo - 1)*) E E E If i^&i^-ii 



a+/3-cr j= 7 



m 



= c\ k * + (m - i)fc) e (Si^(E§i^ 

M=fc,|/3|=p \ • \j=l P - 



= C 2 (k 2 + (m -l)k) [ E ffl^li 



|a|=fc 



|2 II »/■ 1 1 2 



C 2 (fc 2 + (m -l)/c)||$ fc || fe | K v pllp 



< C 2 k 2 m \\<t> k \\ z k \\K\\ p - 



E§i^ 
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Then, we finally have 



\\D x <j> k (x,t).Af p (x,t)\\ k _ i+p < Ck^m\\$ k \\ k \\AT P \ 



V 

□ 



3.5 Step B: Choice of p = p op ti upper bound for the remainder 

As described in part 13.11 for a fixed integer p, with the $ constructed in 
section [331 we se t 

R(u ,t) := (Id-n p )(yi(u + $Ki),i) (3.16) 
-D uo $(u , t).V (uo + $(u , t),t)), 

and we compute an upper bound for \R(uq, ■)\ h i- To simplify notations, let 
us denote 

v 

*i(«o,*) :=«o, *(«o,*) := J2<S>n(u ,t). (3.17) 



n=l 



Then, (IXTHj) reads 



R(u ,t) = E E ^Wfe(«o,t),-,^,K,i)] 

9=2 l<fej<p 

fcl + --- + feq>p+l 

- X] 53 -Duo *i(«Oi*)-K), g (*)[*Ai(«0 ) *),••• ,*fc,(«0,<)] 

2<3,q<P l<fcj<p 
fci+---+fc ? >p-i+2 

+ E ^, 9 w^o.*) (?) ] 

q>p+l 
V 

EE ^o^K,i)^o ><? (t)[£K,t) (9) ]. 

J=2 q>P+l 

So, to evaluate l-Rfito, -)Lrf> the first step is to compute upper bounds for the 

H 

|$ n (-uo, .)| ri€ constructed in Step A. And in fact, using lemma [3721 it will be 
sufficient to compute upper bounds for the ||$ n || • Denote them by 

(fn : = ||$n|l n , l<n<p. 
3.5.1 Upper bounds for the ip n 

To compute upper bounds for the tp n , we have to get back to the construction 
of the <& n : they were constructed by induction with the equation (|3.8p . This 
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equation reads, explicitly 



{A L +d t )^ n = e E v ^k 1 ,--- ,* 



9=2 l<ki 

fclH \-k q =n 



n—l n—j+l 

-EE E ^-w^--- ,**,]. 

j=2 g=2 i<fe 4 

fciH \-k q =n-j+l 

With this last equation, using inequality (j3.9|) of lemma I3TT1 (A\) =>• (-B) of 
lemma E3] (since V is in A(fl, fl^R/TZ, R m ) and thus satisfies (At)), and 
using lemma [331 we obtain 



V 9=2 ki+-+k q =n ^ 
l<ki 

+ E E E cj^r mc [ — \ 

3=2 q=2 ki+-+k q =n-j+l 
l<ki 

Thus, 

\ q=2 k 1 +---+k q =n 



, ¥>fci • • • fk q 



T 
l<ki 



- n ~ j+1 [CJm\ q \ 

+ E E E jV^ol— — ) <Pj<Pki • ■ • Vi* \ ■ ( 3 - 18 ) 

3=2 9=2 l< fej VP/ / 

felH hfcg=n— j'+l 

Lemma 3.6 For all n with 1 < n < p, 
where 

VCJm^y/m 8C£c(C^/m^) 3 ^/m 

K := max( , k ). 

P P 

Proof. The same strategy of proof as that of lemma 14 in Iooss and Lom- 
bardi (2010) works: indeed, with our norm we also have 

(pi = a/^o; 

and our inequality (|3.18p is the same as inequality (19) in the proof of lemma 
14, if one equates their p with, in our notations, and equates a := CCi 

and t' := 1+tv. Then, all the following computations of Iooss and Lombardi 
(2010) work similarly. 

□ 
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3.5.2 Choice of p op t, upper bounds for $ 

Since now, we fix 5 > and choose a value p op t (5) for p, and in this subsection 
we find an upper bound for $ (defined in (|3.17p ) with this value of p. 

Lemma 3.7 Fix 5 > 0. Denote 



■~ l+e+ru' : ~ (28K) b 



Let us choose p = p op t- Then, we have, for \uq\ < 5, 

\§L(u , .)\ Hl < 2 \uq\ y/rn^ < 2<5 v / m^. 
Proof. Take p = p op t and |uq| < 6. Then, using lemmas 13.21 and 13.6 



Mu , .) 



n=l 



■l n=l 



n=l 



P 



n=l 



n=l 
b 



| w v m o 



^(KSp'r- 1 



n=l 
P /i \ n-1 



n=l 



< \uq\ ^fm^ 



n=l 



< 2 I | V m 0- 



□ 



3.5.3 Upper bound for the remainder 

Lemma 3.8 There exists 5q such that, if 5 < 5q, then, with the choice 



p = p pt of lemma 3.7, the remainder R satisfies 



sup \R{u ,.)\ < Me 

|«o|<<5 



with 



M:= C (| + C^(2v^+^)) 



co := 



ln(2) 
2(2K) L 



5q := min 
Proof. Fix uq such that 



1 



P 

2K(2e) 6 ' ML^/m^fm^ J 

\uq\ < 6. 



(3.19) 



27 



We have 



R(u ,t) = E E V 1;q (t)[<f> kl (uo,t),--- ,* fce («o,t)] 



g=2 l<fej<p 
fci+-+fc«>p+l 

Q>p+1 



,(9)1 



- E E D u <S>j(uo,t).V , q (t)[<5> kl (u ,t),--- ,<f> kq (u ,t)\ 

2<j,q<P l<kj<p 

k 1 +---+k q >p~j+2 

V 

EE D u $j(uo,t).V , g (t)Muo,t)^]. 

j=2 q>p+l 

One can check, with the same computations as those of Iooss and Lombardi 
(2010) in their proof of their lemma 16, that combining our lemma I3T21 with 
(Ai) (^3) of lemma E3] and lemma I3U1 we get 



E E ^(•)[ $ faK-),"-,^(%r)] 



9=2 k^+---+k q >p+l 

l<kj<p 



C -- 



< e (26K)b . 

~ 72 



and that, if 5 < 
13.61 we obtain 



2K(2c) 6 



then, by lemmas ESQ (with (A^ (B)) and 



E E^ u o $ i(«O,0-^O l9 (0[$fci(«o, ■)>••• ,$fc<>0,0 



^<j,g<pi<kj<p 

k!+-+k q >p-j+2 



cCmn 

< )Lq 2(2SK) b 
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E E D uo ^( Uo ,t).v , q (t)muo,t) {q) ] 

j=2 q>p+l 



and that, if 5 < 



then, using (^4i) =4> (A3) of lemma l3~il we get 



< ce < 24K ) 6 



q>p+l 



1I< 



□ 
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3.6 Step C: Upper bound for V 1 

To complete the proof of the theorem [2TTJ it remains to show that (|3,3p holds 
for the choices we have done for p and <3?. As said in part 13.11 we set 

V 1 (uo,Vi,t) := -R(u ,t) + V 1 (u + v 1 + <S>(u ,t),t) 
-D uo <f>(u , t).V {u + vi + $(ito, t),t) 
-(A L + d t )<S>(u ,t). 

Combining it with (|3.6|) and (|3.7p . we get 

V^uo^ut) = Fi(«o + ui + *(«o,*),*)-'^i(«o + *(«o,*),*) 

-I^ $(u 0j i)(Fo(uo + ui + $ (no - %(tio + *(«o, *),*)) 
= ((Id - P )- D Uo $(« ,t)-Po) (V(u + vi + *(«o,t),t)- V(u + $(u ,t),t)) 

where Po stands for the projection of M m on Eq. We begin by showing an 
upper bound for D uo <&. 

Lemma 3.9 IfO<S<S 0) and p = p op t, then, for all F in I^(M./TZ,E ), 
and all \uq\ < 5, we have 

\D Uo <£>(uo, .).F(.)\ He < 2 e +™m C |P|^ . 

Proof. Let F be a function of £r (R/TZ, Eq). Then, with the aid of lemmas 
13.21 and 13.51 we get 



\D Uo ^o,-)-F(.)\ He < Y,\ D ^(uo,.).F(.)\ Ht 

3=1 

< ^||Dx^(X,.).P(.)||. 
3=2 

P 

< J2 c ^\\^j(x,.)\\.\\F 



l l«o 



li-i 



i=2 
p 

^Cy/m^jLp-jS 3 ' 1 \F\ Hl 

3=2 



where, by lemma [3T6], we have 



i=2 i=2 

p 

< v^oX)p(V -2 ) m+Tiy (^) i_1 

5=2 

j=2 
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Then, since p = p op t and 5 < So, we have 



1 < p and p t+l+TU K5 < -. 



Hence, 



and finally, 



3=2 



i+rv. 



\D uo <S>(u 0l .).F(.)\ He <2 e+ ™ moC \F\ He . 



□ 

Then, to compute an estimate for V 1 , it remains to find an upper bound for 

\V(u + Vl + $(u , .), •) " V(u + Hu , •), • 
We show the following 

Lemma 3.10 There exists M\ such that for all \uq\ , \ vi\ < 5q, 

\V(uo + Vl + $(«o, .), •) - V(u + *(tio, •), < M 1 \vi\ (\u \ + . 

Proof. Since V belongs to A(Sl, iZ^K/TZ, M m )), and since (A x ) (A 3 ) 
holds in lemma ECT then for all f,g in rf(R/TZ,,R m ) 

\V q (.)[f + 9r-- ,f + 9]-V g (.)[f,--- J]\ Hl 
< \V q {.)[f + g,f + g, - ,f + g]-V q (.)[f,f + g,--- J + g}]^ 

+ --- + \v q (.)[f,--- JJ + g]-v q (.)[f,--- JJ}^ 

= \V q (.)[g,f + 9,--- J + g]\ He + \V q (.)[f,gJ + g,--- J + g]]^ 

+ --- + \V q (.)[f,--- J,g,f + g}\ He + \V q (.)[fJ,--- J,g]\ Ht 



Hence, with f(t) = u$ + $(uo,t) = $(uo,i) and g{t) = v\, we get, using 
lemma 13.71 

|V(«o + vi + $(u , .), •) - V(uq + *(«o, •)> 01^ 

g=2 VP/ 

< M c (^y^) (2|«olVmo + |«i|)^g(^^(2<yV^o + |wil)) • 
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So, setting 

Mi := 2c^o (^) 2 f> + 2 ) (^(3^oV^)) * , 

in which the sum converges because of the value of 5q chosen in (|3.19j) . we 
get that for \vi\ < do^/mo, 

\V(u + vi + $(w , ■), •) - V(u + $(u , .), 01^ < M i \i>i\ (Wo\ + |«i|) 

holds. □ 
Thus finally, combining lemmas 13.91 and 13.101 and setting 

M : = (1 + ||P || + 2 e+TV m \\P \\)M 1 , 

we obtain that the inequality (|3.3p holds. 

□ 



4 Proof of theorem 12.2 



This part is entirely devoted to the proof of theorem 12.21 This proof begins 
by showing technical lemmas, and then we follow the same strategy of proof 
as that of Iooss and Lombardi (2005). Moreover, we use the same norms as 
those defined in part 13.21 

4.1 Notations, strategy of construction for $ and M 

First, here also, we fix 5 and p and look for $ and N in 
Pp(M m ,i^(M/TZ,R m )) of the form 

v v 
*(X,t) t), JV(X,t) :=J2^n(X,t), 

n=2 n=2 

with & n ,Af n in n n {R m , i?*(R/TZ, R m )) (space of homo geneous polynomials 
of degree p). Then, one can check that the change of variables 

u = y + $(y,t) 

transforms our system (jl.ip into (|2.1ip if and only if 

(d t +BL)<S>(X,t) + (Id+D x <S>(X,t))(N(X,t)+R(X,t)) =V(X+$(X,t)) (4.1) 

holds, where we have set: 

B L ${X,t) := D x $(X,t).LX - L$(X,t). 



31 



Since we look for $ and TV in V p (M. m , i^(R/TZ, R m )), and R of order more 
than p in u, then equation (|4.ip is equivalent to the following system 

t)+M(X, t)=Ii p (V{X + t))-L> x $(X, t).M(X, t)), (4.2) 

(Id+D x $(X, t) = (U-U p )(y(X^4>(X, t)yD x <5>{X, t) .M(X, t)) (4.3) 

where n p stands for the projection on V p (R m , Ep(R/TZ, R m )). We begin 
by solving ()4.2p . Then, (j4.3[) will be the definition of R if one shows that 
(Id + Dx&(X,t)) is invertible (and it is; see section [43]) . Here again, we 
project equation on the spaces % n (R m , Ep(R/TZ, M m )). Denoting by 
7r n this projection, we obtain 

(d t +£ L )$ n (X, t)+/V;(X, i) = 7r n (V(X+*(X, t))-L» x $(X, t) JV(*, i)). (4.4) 

Expanding the right hand side of (|4.4p in power series, one can observe that, 
since 

V(0,.)=0 = D u V(0,.), 

(because of (jl.2p ). this right hand side of (|4.4p only depends on $2> " • " j $n-i> 
Mi-, " " " >TV n _i and X,t. Hence, ()4.4p should enables us to construct the $ ra 
and M n by induction. We only miss the lemma proved in the following 
subsection to be completly convinced. 

4.2 Afflne equation on U n (R m , J3*(R/rZ, W m )) 

Lemma 4.1 Let F n be a polynomial in n n (W m , fl*(R/TZ, M m )). T/iere ex- 
ists in7£ n (R™, ^ +1 (R/TZ,R m )) anrf7V„ m?T(R m , i^(R/TZ,R m )) suc/i 

(d t + B L )^ n +M n = F n , 
with J\f n in Ker {—dt +Bl*), and satisfying the estimates 

\Wn\\ < \\F n \\ , 
"n n 

\\®n\\ < C t n t+T \\F n \\ 

n n 

with 



Q := max{l,-} U + ^ U + 4A 
A := max |A 



l<j'<m 



■J 



Proof. Here again, the key idea is that, using Fourier theory, the affine 
equation 

(d t + B L )<b n +N n = F n (4.5) 

in 7-L n (R m , fr(R/TZ, R m )) is transformed into an infinity of affine equations 
in % n (R m ,R m ), so that we can use results of Iooss and Lombardi (2005) for 
each of these equations. 
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Step 1: Spliting our problem in an infinity of subproblems. 

Denote 

*n(X,t) := Y Mt)X a , M n (X,t):= Y N a (t)X a , 

\a\=n \a\=n 

F n (X,t) := Yl 

\a\=n 

We want all that functions to belong to H n {M. m , i^QR/TZ, R m )), with i > 1, 
then necessarily we can expand it in Fourier series 

+00 



*„(*,*) = y Mt)x a = y ( Y ^^jx- 

\a\=n \a\=n k=—oo 

+00 / v +00 



fc=— 00 |a|=n fc=— 00 

and, with the same notations 

— X 



Af n (X,t) := ^ k) ( X > 
k=—oo 
+00 

F n (X,t) := Y Fk k \xy k ^\ 



fc=— 00 

Then, (|4.5p holds if and only if 

for all keZ, [xk^ + B L )^{X) + JsfM = F^(X) (4.6) 

hold. 

Now we first solve, in "Step 2", the subproblem given by (|4.6|) 
when we fix one k, and then we show in Steps 3 to 6 that we can 
sum on k the Fourier series obtained. 

Step 2: Subproblems in T-L n (W n ,W m ), construction of a solution 

Fix any k in Z. Define 

B k L \ Hn :V. n (R m ,R m ) — > ^ n (M m ,IR m ) 

*(X) — > (ik T + B L )$(X). (4.7) 

For a given F^ k) {X) in % n (IR m ,K m ), our aim is to find (X) and ^n\x) 
such that 

B^«(X)+ATW=Fi fc )(X). (4.8) 
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Here unfortunately, B^|^ n is not necessarily invertible. Hence, our strategy 

is to chose M^ k) (X) such that F^ k) (X) -M^ h) {X) belongs to Im B k L \ nn , and 

then to take $ { n\x) such that B k L § { n\x) = F^ ] \X)-M^ ] \X). So it is suf- 
ficient to chose a supplementary space ofImB|| w „ mn n (R m ,M. m ): indeed, 

then (|4.8p would simply be the spliting of Fn\x) on our decomposition of 
T-L n (M m ,M m ) in supplementary spaces. Making a choice of supplementary 
space determines in fact the normal form characterization. Here, to obtain 
the criteria (|2.12p and the estimates given in the theorem, we make the 
following choice. 

As done in Iooss and Lombardi (2005), we introduce a scalar product in 
H n (M m ,]R m ), and then write 

H n r,K ro ) = Im B k L \ nn e (Im B k L \ nn ) ± = Im B k L \ nn © Ker (B£| W J*, 
H n (R m ,R m ) = Ker B k L \ nn ® (Ker B k \ nn ) ± = Ker b£| w „ © Im (B^J? 
Thus, the map B^|^ n reads 

B k L \ nn : Ker B k L \ nn © Im (B£| W J* — > Im B|| w „ © Ker (B£| W J*, 

and we can define an invertible map B^|^ n , whose inverse is called the 
pseudo-inverse of B^|^ n 

Bi|^ n : Im (B||^ n )* — > Im B^| w „. 

We denote by ir k the orthogonal projection on Ker (B||^ n )*, and chose 

Mi k \X) := tt^(X)), (4.9) 
:= (B^J-^ad-^)^))). (4.10) 

So, let us chose an apropriate scalar product. We chose the same scalar 
product as that introduced in 2.1 of Iooss and Lombardi (2005). Namely, 
for any pair of polynomials P and P', define 

(P,P') = P(d x )P'(X)\ x=0 . (4.11) 

Moreover, the norm associated with this scalar product is |.| , introduced 
in section 13.21 

Step 3: Subproblems in U n (M. m ,M m ), upper bounds 
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To sum the M^' ] {X) and $%'(X) defined in lfE5)l . (ITOJ) , we need to com- 
pute upper bounds. Since 7r^ is an orthogonal projection, we have: 



2.ii 



2.fi 



< 



< 



F«(JT)) 



2,n 



( B l| W J 1 



2,n 



2,n 



Moreover, lemma 2.5 of Iooss and Lombardi (2005) ensures that, since by 
hypothesis 12.21 L is diagonizable, then BlIh™ is so ( our is their Al), with 
eigenvalues: 

{(a, A) - \j, 1 < j < m, a G N m , |a| = n}. (4.12) 
Hence, the operator B||^ n defined in (|4.7p is diagonizable, with eigenvalues 

{(a, A) + \k— - Xj, 1 < j < m, a € N m , |a| = n}. 



Then, using (|2.9p of hypothesis 12.2^ we get 



'■ok I \ — 1 



< max 



i<j<m I < a, A > +ik%p- — A 

■RTm I I •* 



< 



2.n 



aeN m ,|a|=n 



(n+|fc|) 7 

7 



So we finally have the upper bounds: 



N^{X) 



2.ii 



2:ii 



< 



< 



F^(X) 
n+\k\Y 



2.ii 



7 



F^\X) 



2:ii 



Step 4: M n and are well-defined, M n G "H n (IR m , J3*(R/T2 
We now set 



(4.13) 
(4.14) 



Af n (X,t):= 2 AAW(X)e ifc ^* = ^^(^(I))e^', (4.15) 

fc=— oo fc=— oo 
+oo +oo j 

$ n (X,i):=^ $( fc )(X)e ifc ^* =£b£ ((Id-^)(F«(X))) e ifc ^ (4.16) 



fc=— oo 



fc=— oo 



and we want to prove that they satisfy all the properties required in lemma 
14. li We begin by showing that they are well-defined, verifying that Af n is in 
n n (W n ,I^(R/TZ,W in )) and $ n in ?T(R"\ H°(R/TZ, M m )), with the norms 
defined in section [31 
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Using the upper bounds (|4.13j) and (|4.14p computed in step 3, and the 
inequality r < i assumed by hypothesis 12.21 we get: 



\\Af n (X,t)\\l = E ( 1 + k2 y M n\X) 
k=—oo 
+00 



k=— 00 



2 

2,n 
2 

2.)i 



\Fn(X, 



< +OO: 



E K fc) w 



2 < g (n+|fc|) 2 - 



2,n 



fc=— 00 



7' 



2,d 



7 



< 



fc=— 00 

27 +00 



E (1 + * 2 )' 



2 

2,T! 

2 

2.d 



,2r 



< \\F n (X,t)\\ 2 n <+oo. 



Step 5: $ n belongs to W n (R m ,ja* +1 



(4.17) 



')) 



Let us prove by induction that if < j < £ + 1 then 



where 



\*n(X,t)\\ ntHi <C j Tv' +T \\F n (X,t) 



Cj := max{l, _} ( 1 + _(1 + 4A 



(4.18) 



7 



Inequality flUITJ) ensures that (|4.18p holds for j = 0. Asume that (|4.18p 
holds for one j, < j < £. 

For all k in Z, since <J> n is defined by (|4.16p . we have 



Bi4 fc ) = (Id-7rM fc ); 



and hence 



2tt 



i^$« = (id-4)4 fe )-^ fe ). 



Thus 



[l + k 2 



2.H 



TV 

2^7 



(Id-vr^FW-^) 



+ 



2.(i 



2,7! 



36 



where the eigenvalues of BlIh™ are given in (|4. 12|) . Then we get: 



< max {\(a,X)—Xj\} 
■>.,, ■■ i: m 

a&i m ,\a\=n 



2,n. 



< (n + 1) max |Aj| 

l<j'<m 



= (n + 1)A 



2,n 



$( fc ) 



2.» 



So 

(1 + k 2 ) 



2.(i 



< 



< 2 



T 
2^ 



+ (n + 1)A 



2.)i 



2.)i 



+ 



and then 



< 



+oo 



rp-2 

2^2 



-1 

2vr y 



+ (n + 1) 2 A 2 



2.N. 



2.n 



+ 1 + 



1 A 2 T 2 (n + l) 



$( fc ) 

2 



2.)i 



+ 



$( fc ) 



2,n 
2 

2.7( 



2tt 2 



2,n 



, = £ (1 + *« 



A;=— oo 



+oo 



^2 



2 

2,n 

+ (1 + 



2,h 



fc=— oo 

s £.M: + (i + ^it>£)i.- 



A^T 2 (n + l)' 



2vr 2 



2.ii 



< 



A 2 T 2 (n+l) 2 a+T) 
2tt 2+1 + 2vr 2 j 



n,H> 
\Wn\ 



< C] +1 n^+^\\F n f n . 
Finally, we have proved that 

ll^|| n ^ +1 <Q^||F n || n 

holds. This shows in particular that $ n is in H n (R m , rf +1 (R/TZ, R m )). 
Step 6: AT„ is in Ker (-d t + B L *) 

Since ix\ is the projection on Ker (B^|^„)*, then for all k in Z, 



AT«(X) = ^ fe fc )(A)) GKer (B 



(4.19) 



where 



(B k L y = -ik^- + (B L y. 



2tt 
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And the choice of scalar product (|4.1ip guarantees that 

(B L y = b l * 

holds (see proof by Iooss and Adelmeyer (1992)). Then, for all k in Z, (|4.19p 
ensures that 

B L ^ k \X) = ik^AT^(X). 

Finally, since Af n is in H n (R m , rf(R/TZ, E m )) with £ > 1, we can sum on 
k, and we obtain 

BL*Af n (X,t) = d t M n (X,t). 

□ 



4.3 End of the proof (sketch) 

Now, combining parts 14,11 and 14.21 we get that we have constructed <3? in 
7 7 p(R m ,i^ +1 (]R/rZ,R m )) and Af mV p (R m , ^(R/TZ^" 1 )), with Af also in 
Ker (—St + £>L*)> such that if one writes 

p p 
t) := ®n(X, t), Xf(X, t) := £ WX, t), 

n=2 n=2 

then the <3? n and J\f n satisfy 

(St + B L )$ n (X, t) + Af n (X, t) = 7T n (V(X + t)) - L>x$(X, t).AA(X, t)) ; 
and the estimates 

\\Af n (X,t)\\ n < \\* n (V(X + *(X,t))-D x *(X,t)Jf(X,t))\\ n , 
\\$ n (X,t)\\ n < C e n e+T \\Tr n (V(X + <t>(X,t))-D x <S>(X,t).N(X,t))\\ n . 

First, one can check that the fact that N belongs to Ker (—St + Bl*) guar- 
antees that the normal form criteria (|2.12p holds. 

Then it remains to show that the remainder R is well-defined by (|4.3p and 
that the estimate (|2,13p holds. We follow the same strategy as in part 2.3 
of Iooss and Lombardi (2005): our lemmas 13.41 and 13.51 replace their lemma 
2.11, we then compute estimates for the v n := II .AO and ip n := ||$ n || , and 

"n n 

we finally obtain a similar proof of well-definition and upper bound for R 
with slightly different constants. Namely, one can check that this way we 
get the following lemma instead of their last lemma 2.21. 

Lemma 4.2 For all 5 > 0, forp = p pt{o~), with andN constructed above, 
the remainder R is well-defined by |^.3| ) and satisfies 

sup \R(y,.)\ <M'5 2 e~%. 

\y\<5 
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where 



1 + t' 1 + ^ + r' 



Popt(S) 



e(C5) b 



UJ 



C = 



M' = ^-cC 2 



^C 2 m + 2]c e c + 3-^ . 
2 J C^Jm 




+ (2e 



Xi+e+r) 



M = sup ■ 



e 2 p\ 



pen pP+2Q-p 
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